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Abstract: In this paper we prove that the defocusing, quintic nonlinear Schrodinger initial value 
problem is globally well-posed and scattering for no € L 2 (R). To do this, we will prove a fre- 
quency localized interaction Morawetz estimate similar to the estimate made in [11]. Since we are 
considering an L 2 - critical initial value problem we will localize to low frequencies. 

1 Introduction 

The quintic nonlinear Schrodinger initial value problem is given by 

iut + Au = F(u), 

, 1-1 

u(0,x) = uq € L (R), 

where F(u) = fi\u\ 4 u, [i = ±1, u(t) : R — > C. When fi = +1 (jl.ip is said to be defocusing and 
when fi = — 1 (jl.ip is said to be focusing. It was observed in [4] that the solution to (jl.ip conserves 
mass, 



M(u(t))= I \u(t,x)\ 2 dx = M(n(0)), (1.2) 

and energy 

E(u(t)) = - I \Vu(t,x)\ 2 dx + ^ I \u(t,x)\ ii dx = E(u(0)). (1.3) 



2 J 1 v " 6 

The initial value problem (jl.ip also obeys a scaling symmetry. If u(t, x) is a solution to (jl.ip on a 
time interval [0,T], then 

1 t x 

is a solution to (jl.ip on [0, A 2 T] with u(0, x) = jt/2Uo(j). 
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1 X 

II^i72«o(^)IIl 2 (r) = \\ u o( x )\\lz(R)- (1-5) 
Therefore, (jl.ip is called L 2 - critical or mass critical. 

A solution to (jl.ip obeys Duhamel's formula 

Definition 1.1 u : I x R d -» C, 7 C R is a solution to (ji.ip ?/ /or any compact J C I, n € 
C t °L2(j x R d ) n L t *J* {J x R d ), and /or aH 1, to G ^ 

u(t) = e i (*-*o)A„( io ) _ j /* ^MAjr^^, ( L6 ) 

Jto 

The space L® X (J x R) arises from the Strichartz estimates. This norm is also invariant under the 
scaling (|1.4j> . 

Definition 1.2 ^4 solution to (j i.ip defined on/cR blows up forward in time if there exists to € I 
such that 

/ / |n(t,a;)| 6 cfa;dt = oo. (1.7) 

Jt J 

u blows up backward in time if there exists to £ I such that 

to r 

/ \u(t,x)\ 6 dxdt = oo. (1.8) 
inf(J) J 

Definition 1.3 A solution u(t,x) to (| is said to scatter forward in time if there exists u + € 
L 2 (R d ) such that 

lim ||e iiA n + - u(t,x)\\ L 2 (Rd) = 0. (1.9) 
^4 solution is said to scatter backward in time if there exists u- £ L 2 (R rf ) suc/i that 

lim ||e itA ii_ - u(t, x)\\ L2(R d) = 0. (1.10) 

t— >— oo » ' 

Theorem 1.1 7/ ||uo||l2(r) *s sufficiently small, then (ji.ip is globally well-posed and scatters to a 
free solution as t — >• ±oo. 
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Proof: See H], [5]. □ 



We will recall the proof of this theorem in §2. [1], [5] also proved that (jl.ip is locally well-posed 
for uq G I> 2 (R) on some interval [0, T], where T(uq) > depends on the profile of the initial data, 
not just it size ||«o||l 2 (r)- 

Theorem 1.2 Given uq G L 2 (R 2 ) and to G R; there exists a maximal lifespan solution u to 
defined on/cR with u(to) = uq. Moreover, 

1. I is an open neighborhood oft®. 

2. If sup(/) or inf (/) is finite, then u blows up in the corresponding time direction. 

3. The map that takes initial data to the corresponding solution is uniformly continuous on 
compact time intervals for bounded sets of initial data. 

4- If sup(I) = oo and u does not blow up forward in time, then u scatters forward to a free 
solution. If inf (I) = — oo and u does not blow up backward in time, then u scatters backward to a 
free solution. 

Proof: See 0|, 0. □ 

There are known counterexamples to (11. lj) globally well-posed and scattering in the focusing case, 
/i = —1. There are no known counterexamples in the defocusing case. Therefore, it has been 
conjectured 

Conjecture 1.3 For d > 1, the defocusing, mass critical nonlinear Schrddinger initial value prob- 
lem (jj.ip is globally well-posed for uq G L 2 (R d ) and all solutions scatter to a free solution as 
t — > ±oo. 

This conjecture has already been verified for d > 2. 

Theorem 1.4 When d = 2, (jj.jp is globally well-posed and scattering for uq G L 2 (R 2 ). 
Proof: See |23] for a proof in the radial case, [T7] for a proof in the non-radial case. 

Theorem 1.5 When d > 3, (jj.jp is globally well-posed and scattering for uo G L 2 (R d ). 
Proof: See |24j . p2j for a proof in the radial case, [18J for a proof in the nonradial case. 

In this paper we tackle the case d = 1 and prove 

Theorem 1.6 (jj.jp is globally well-posed and scattering for uq G L 2 (R), (j, = +1. 
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This completes the proof of the conjecture in the defocusing case. 



Remark: |23] and [24] also proved global well-posedness and scattering for the focusing, mass- 
critical initial value problem 

iut + An = -\u\ A/d u, 

11 (1.11) 
u(0,x) = n , 

with radial data and mass less than the mass of the ground state when d > 2. Much of the analysis 
in this paper carries over directly to the focusing case. Therefore, whenever possible we will prove 
theorems without regard for the sign of n. 

Outline of the Proof. In this paper we use the concentration compactness method, which is a 
modification of the induction on energy method. The induction on energy method was introduced 
in pjj to prove global well-posedness and scattering for the defocusing energy-critical initial value 
problem in R 3 for radial data. 

[23] , [24] . [32] . [18], and [IT] used the concentration compactness method. Since (jl.ip is globally 
well-posed for small ||«o||l 2 (r)) if (jl-ip . fi = +1 is not globally well-posed for all no £ L 2 (R), then 
there must be a minimum ||ito||i^(R) = mo where global well-posedness fails. [34] showed that for 
conjecture ll.3l to fail, there must exist a minimal mass blowup solution with a number of additional 
properties. 

Theorem 1.7 Suppose conjecture \1.3\ fails when d = 1. Then there exists a maximal lifespan 
solution on I C R, [0, oo) C /, || u C0IIl£(r<*) = m which is almost periodic modulo scaling and 
blows up both forward and backward in time. Moreover, N(t) < 1 for t £ [0, oo), N(Q) = 1, and 

\u(t, x)f dx = oo. (1.12) 

Additionally, there exists a set K C L 2 (R), K is precompact in L 2 (R rf ) such that for all t & I there 
exists Qt G K, x(t),£(t) : I — > R with 

Proof: See [23], [33], and section four of [32J. 

Remark: This is also true for a minimal mass blowup solution to the focusing problem (II. ip . 
u=-l. 

We will then consider two subcases separately, 
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and 



poo 

/ N(tfdt < oo, 
Jo 



(1.14) 



poo 

/ N(tfdt = oo. (1.15) 

J 

We will exclude ()1.14j) by proving additional regularity, which prevents N(t) \ as t — >• oo. For 
(|1.15p we will not prove any additional regularity. Instead, we will rely on a frequency localized 
interaction Morawetz estimate. (See |11] for such an estimate in the energy-critical case.) Since 
we are truncating to low frequencies, our method is very similar to the almost Morawetz estimates 
that are often used in conjunction with the I-method. (See p], [8], [9J, [ID], [E], [6j, [19], [15], [13], 
and |14] for more information on the I-method.) 



2 Function Spaces and linear estimates 

Linear Strichartz Estimates: 

Definition 2.1 A pair (p, q) will be called an admissible pair for d = 1 if | = (^ — |), and p > 4. 
Theorem 2.1 Ifu(t,x) solves the initial value problem 



iu t + An = F(t), 
u(Q,x) = u , 

on an interval I, then 



(|2.2p motivates the definition of the Strichartz space. 
Definition 2.2 Define the norm 



(2.1) 



\H\qLUixB.) Z P> q,m IKIIl2(r) + ll F ll L f 4' (/xR) ' ( 2 - 2 ) 
for all admissible pairs (p,q), (p,q)- p' denotes the Lebesgue dual of p. 
Proof: See [31] . 



lls"(/xR) = SU P \\ u \\L p t Ll(IxR)- ( 2 - 3 ) 

{p,q) admissible 

S°(I x R) = {u : ||n|| 5 o (/xR) < oo}. (2.4) 



5 



We also define the space N°(I x R) to be the space dual to S°(I x R) with appropriate norm. Then 
in fact, 

IMIs°(/xR) < II^o||l 2 (R) + H-F|U°(/xR)- ( 2 - 5 ) 

Theorem 2.2 (ji.jp is globally well-posed when ||f^o lli 2 (R.) * s small. 
Proof: By ([23]) and the definition of S°, N°, 

IMIs°((-oo,oo)xR) £ ll«o||ra(R) + IMli? >;c ((-oo,oc)xR) ^ g . 

^ ll n o||L2(R) + ll n ll|o((_oo,oo)xR)- 

By the continuity method, if ||ito||.L 2 (R) is sufficiently small, then we have global well-posedness. 
We can also obtain scattering with this argument. □ 

Now define the function 

A(m) = sup{||n|| 5 o ( (_ 00i0o)xR 2 ) : u solves flU), 11^(0)1^2^2) = m}. (2.7) 
If we can prove A(m) < oo for any m, then we have proved global well-posedness and scattering. 

Using a stability lemma from [34j we can prove that A(m) is an upper semicontinuous function of 
m, which proves that {m : A(m) = oo} is a closed set. This implies that if global well-posedness and 
scattering does not hold in the defocusing case for all uq € L 2 (R), then there must be a minimum 
mo with A(mo) = oo. We will discuss the properties of a minimal mass blowup solution more in 
the next section. 

We will also need the Littlewood-Paley decomposition at various points throughout the paper. Let 
4> G C£°(R), radial, < < 1, 



1 Id < 1- 



Then define the frequency truncation 



T(P< N u) = <k|)u(£). (2.9) 

Let P>nu = u — P<nu and Pnu = P<2nu — P<nu. We will also depart from the customary 
notation and say 

P 1/2 u = P< x u. (2.10) 
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Throughout the paper it will be necessary to make a Littlewood-Paley decomposition with £o ^ 
at the origin. Let 

P N £ oU = e ix <°P N (e- ix <° U ). (2.11) 

Function Spaces 

We utilize the function spaces which are a superposition of free solutions to the Schrodinger equa- 
tion. See [26], |21| for more information. 



Definition 2.3 Let 1 < p < oo. Then C/£ is an atomic space, where atoms are piecewise solutions 
to the linear equation. 

k k 

For any function u, 

IMIt/p = m ^{^Z Ca I : u = X^ CAUA,nA are a t° ms } (2.13) 

A A 

For any 1 < p < oo, C L°°L 2 . Additionally, C/£ functions are continuous except at countably 
many points and right continuous everywhere. 

Definition 2.4 Let 1 < p < oo. Then is the space of right continuous functions u € L°°(L 2 ) 
such that 



\\v\\ P l/x(lj2) - sup Y\\ e -^ v (t k )-e- u ^ A v(t k+l )\\ P L2 . (2.14) 



k 



T/ie supremum is taken over increasing sequences t k . 
Theorem 2.3 The function spaces U^, obey the embeddings 

U p A CV£cUicL°°(L 2 ), p<q. (2.15) 
Let DU A be the space of functions 

DUl = {{id t + A)u; u G U P A }. (2.16) 

There is the easy estimate 

h\\u* A £ h(0)\\ L2 + {{(idt + d 2 x )u\\ DUl . (2.17) 
Finally, there is the duality relation 
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(DUlY = VI . (2.18) 
These spaces are also closed under truncation in time. 

xr-ui^ u p A , 

Proof: See HI]. □ 



J J£,=r]l+V2 

Take F(t,£) with ||P(r,£)|| 

l\ (RxR) = 1) F supported on |£| ~ N. 



(2.19) 



(2.20) 



Lemma 2.4 Suppose J = I\ U A = [a, ^2 = [&j c], a < b < c. 

IHIf/£(JxR) - H n llf/P(/ 1 xR) + H n llf/P(/ 2 xR) 

IMI[/£(/ixR) ^ IMIt/£(JxR<*)- 
Proo/: See [I?]. 

Proposition 2.5 

||P w ((e iiA n )(e- liA ? ;o))|| Lt%(RxR) < ^ IKIb(R) IM^CR). (2-21) 
If the supports of «o(£) cwi<i #o(£) are separated by distance N, 

||(e^o)(e^ A r;o)||^(RxR) < ^IM^CRjIMI^CR)- (2-22) 
Proo/: We prove (I23TT) . 



P(-r, -£)G(r,£)drd£ = J J F((ni + n2)(ni-n 2 ),ni+n 2 )uo(r]i)vo(r]2)dr]idr]2. 
Making a change of variables, this proves (|2.2ip . (|2.22j) can be proved in a similar fashion. □ 
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Proposition 2.6 Suppose uq is supported on |£| ~ Ni and vq is supported on |£| ~ N2, N\ « iVjj. 
Then 



Proof: By proposition 12.51 



e ±itA u )(e ±UA v )\\ LURxR) < (^) 1/4 ||n || L2(R) |bo||L 2 (R). (2.23) 



\\(e ±itA uo)(e ±UA vo)\\ LlJ K,K) < (^) 1/2 ||«o||l>(r) lbo||^(R.)- 
Also, combining Strichartz estimates and the Sobolev embedding theorem, 

\\(e ±ltA uo){e ±ltA v )\\ L 6j RxR) < \\e ±ltA u \\ L ™j nxn) \\e ±ttA u \\ L 6 x{RxR) < Nl /2 \\uo\\ L 2 {n) \\v \\ L 2 {n) . 
The proposition follows by interpolation. □ 

Right now, we know that our minimal mass blowup solution is concentrated in both space and 
frequency, that is, 

/ Mt,x)| 2 dx<77, (2.24) 

J\x-z(t)\>%$ 

[ \u(t,0\ 2 <%<V- (2-25) 

Since we will be using the interaction Morawetz estimate, we will not need to track the movement 
of x(t), however, it will be very important to track the movement of £(t). One weapon to partially 
counter the movement of is the Galilean transformation. 

Theorem 2.7 Suppose u(t,x) solves 

iu t + Au = F{u), 

U(U, X) = Uq. 

Then v(t,x) = e~ lt ^°\ 2 e lx '^°u{t, x — 2£ot) solves the initial value problem 

ivt + Av = F(v), 

(2-27) 

v(0,x) = e lx < o u(0,x). 
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Proof: This follows by direct calculation. □ 

If u(t,x) obeys (I2T241 and (I2~25l) and v(t,x) = e'^ 2 e ix <°u(t,x - 2f t), then 

/ Ht,0\ 2 d^<V, (2-28) 

[ \v(t,x)\ 2 dx< V . (2.29) 

j\ x -2tot-x(t)\>g$ 

Remark: This will be useful to us later because it shifts £(t) by a fixed amount £o £ For 
example, this allows us to set £ (0) = 0. 

Lemma 2.8 If J is an interval with 

hhfJjxR) < C , (2-30) 

then for t\^t% £ J, 

N(h) ~ C ,mo W(t 2 )- (2-31) 

Proo/: See [21], [23], or [33]. □ 

Now if ||«||x,6 ([o,T]xR d ) — C, partition [0, T] into ~ ^ subintervals and iterate. □ 

We can control the movement of with a similar argument. 
Lemma 2.9 Partition J = [0, To] into subintervals J = UJk such that 

IMIif^O/fcXRd) ^ e o- (2-32) 

Let N(J k ) = sup tgJfc N(t). Then 

\m-t(T )\<Y,Wk), (2-33) 
fe 

which is the sum over the intervals Jk- 

Proof: Again take rj = j^q- Let ti,t2 G Jfe. By Strichartz estimates, 



' e^ A \u(r)\Mr)dr\\ Lm) < J^. !2.:U) 



By ([2T2D and (jZ23j> 
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/ m2 |fi(ti,0l 2 <*e<i^L (2-35) 



■ 1000 

and 

/ m2 Ht 2 ,0\ 2 d^<^-. (2.36) 

By DuhamePs formula, conservation of mass, (I2.34p . (I2.35p . and (12.36h . the balls |£ — < 

C(^o)N(h), \£ -Z(t)\ < C(^)N(t 2 ) must intersect, |£(ti) - £(t 2 )\ < 3C(^)(7V(t 1 ) + iV(t 2 )). 
By the triangle inequality and lemma I2T51 



\t(T ) - £(0)| < ^ |£(t fc ) - £(t k+l )\ < £ AT(t fe ). (2.37) 

□ 

Next, we quote a result, 

Lemma 2.10 Ifu(t,x) is a minimal mass blowup solution on an interval J, 

J N{tfdt < IMli L(JxR) < 1 + J N{tfdt. (2.38) 

Proof: See [21]. 

Finally we will prove a lemma that will be useful to us when analyzing the blowup scenarios with 
N{t) < 1. 

Lemma 2.11 Suppose u is a minimal mass blowup solution with N(t) < 1. Suppose also that J 
is some interval partitioned into subintervals J k with \\u\\ L 6 (j feX R) = e o on each J^. Again let 



N(J k ) = supiV(t). (2.39) 

Jk 



Then, 



Ju 

Proof: By lemma [2, 101 



Y,N(Jh) ~ J N{tf&. (2.40) 



jN{tf<\\u\\l lx{J ^ y (2.41) 
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Since \\u\\ L 6 jj kXll) = e , by (12J8J), 

N(tfdt<N(J k ) f N(t) 2 <e 6 N(J k ), 

Jk •> Jk 

SO 

/ N(tfdt<Y,N(J k ). 
Jj Jk 
On the other hand, by the Duhamel formula, 

\\ u \\LjL T (J k xR) Z ll«o|U»(R) + ll«llie a ( JfcxR) £ 1- (2-42) 

Interpolating this with 



-m\>C(v)N(t)\\L™Ll(j k xR) < V 1/2 , (2-43) 



we have 



W U \t-m\>C(v(e))N{t)\\Ll x (J k xR) < (2-44) 

for a small, fixed r/(eo) > 0. By the Sobolev embedding theorem, 

\\ u \H-m\<cWeo))N(t)(t)\\LU-R 2 ) < [ C (.v(ea))N(t)}*. (2.45) 

Therefore, 

4 < I C(r,(e )) 2 N(tfdt. 



J Jk 

Since N(ti) ~ Nfe) for t±,t2 G J k , this implies 



N(J k ) < / N(tfdt. (2.46) 
Summing up over subintervals proves the lemma. □ 

3 A norm adapted to £(£), N(t) constant 

As a warm-up, we will treat the minimal mass blowup scenario N(t) = 1, £(t) = 0, /x = =pl. 
Rescaling, 

1 t x 

u\(t,x) = j^u(jp,~), (3.1) 

N(t) = j. We will choose to treat the case N(t) = 5, 6 > sufficiently small so that 5 < e 10 , and 
dropping the A from u\(t), 
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||-P ' gi/2 w(i)llLf>Ll((-oo,oo)xR 2 ) < e i ( 3 - 2 ) 

> 32 

and for any a € R, 

IMlL4Lg°([a,a+l]xR 2 ) + IMIz,6 x ([a,a+l] xR 2 ) ^ e 0- (3-3) 

The semi-norm we are about to define is adapted to the case N(t) = 5. This semi-norm will be 
generalized in the next section to treat the case when N(t) and £(t) are free to move around. 

Definition 3.1 Let Nj be a dyadic integer. 

Ni Nl 

^X%. = ^2 TV" X] ll- PAr ^ll^i([fcAf J +/Af I ,fc7V J +(i+l)Af,]xR) 

J l<Ni<Nj 3 1=0 " (3.4) 

+ X] 1 1 ^ U 1 1 ( [fcAT, , (fc+1)^ ] x R.) • 
Nj<Ni 

Now let M be some dyadic integer, 

IMIx M ([o,M]xR) = sup sup IMI^L . (3.5) 

1<Nj<M < k <M_ "j 



Similarly, we can define 

" \X M ([a,a+M]xR) 

for any a € R. 



1 1 -X" Ayr ( \a,a-\-M] X R) 

(3.6) 



Remark: |M|x M ([o,M]xR) is orn y a semi-norm since if f(t) is a nonzero function supported on 
|£| < 1, ||/(i)||x M ([o,M]xR) = 0- Therefore, we need to say something about a minimal mass blowup 
solution at low frequencies. 

Lemma 3.1 Suppose u(t) is a minimal mass blowup solution to (1.1), n = ±1, and J is an interval 
with 

IMLejJxR) + IMIl£L°°(JxR) < e 0, (3.7) 

and N(i) = 5 on J. Then 

\\ p >svMt)\\ul(jxiL) ^ e - (3-8) 
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Proof: Let J = [a, b\. By Duhamel's formula, for t £ J, 



n (t) = e ^- a ^u{a) - i I e l ^' T ^F{u{r))dT. (3.9) 



a ^ A u(a)-i I ' e l ^ A F(u(T))dT. 

J a 



Since 



IP 5V2«(*)||L t °°L2(JxR) < £ ) 



|P >£Z 2e i (*- a ) A u(a)|| C7i(JxR) < e. 



Also, 



4 

Remark: Using the exact same arguments, if J is an interval with 



IMIl6jj x r) + \W\\l^L^(JxR) < e o, (3-10) 

\\ P >N( k J)6 1 / 2U Wul(JxB.)~ e - I 3 - 11 ) 
Theorem 3.2 Suppose u(t) is a minimal mass blowup solution to 

iu t + Au = F(u). (3.12) 
There exists a fixed constant C such that for e, 5(e) > sufficiently small, 

\\ u \\x M ([o,M]xn) < Ce (3.13) 

for all dyadic M, 1 < M < oo. 

Sketch of Proof: Theorem 13.21 is proved by induction. By lemma |3~T1 

ri^)llc/|(M+i]xR)<Ce. (3.14) 
Suppose that for any dyadic integer M, 1 < M < oo, 

C C 

\\ u \\x M ([a,a+M]xR) < ^ + + \\ u \\x M ([a,a+M] xR2) ) ' ( 3 ' 15 ) 

C is independent of e > 0. Then we are able to prove theorem 13.21 by induction. Suppose that for 
M < N , 
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\Ht)\\x M ([a,a+A4]xIl) < Ce, (3.16) 

for a fixed constant C, e > 0, and for any a € R. Then making a crude estimate, 



IKi)IU 2J v([a, a +2AT]xR) < 2 Ce- (3-17) 

By <$M, dSHTD, 



lk(t)IU 2W ([a,a + 2iV]xR) < |e + f (e 2 + (2Ce) 2 ). CLIN, 
For e > sufficiently small, this implies that for a € R, 



\W(t)\\x 2N ([a,a+2N]xK) < Ce, (3.19) 

closing the induction. □ 

The proof of an estimate of the form (|3.15p will occupy the bulk of the paper. In fact, we will prove 
an estimate of the form (|3,15p for a generalization of |M|x M ([a,a+M]xR) used to treat the case when 
N(t) need not be constant. f|3. 15j) will be a special case of the more general result. 

The purpose of this section is to discuss the simpler case in the hopes that the main idea is more 
evident, since it is not obscured by the technical details that arise when and N(t) are free to 
move around. 



4 Estimates when N(t), £(£) are free to vary 

In this section we will generalize the seminorm in the previous section to adapt it to the case when 
N(t) and are free to vary. We will define the seminorm Xjv/([0,T]) on the time interval [0, T] 
to be an analogue of the Xm([0, M]) norm defined in the previous section. 

Suppose [0,T] = UjZjJj, with \\u\\ L 6 (j ;X r) = e o> ^2j t N(Ji) = SM. We will call the individual 
J i subintervals the small intervals. We want to partition [0, T] at level iVj for 1 < N{ < M. If 
N(Ji) > ^y 1 then we will call J\ a red interval at level JVj. 



A union G = U J; of N{ consecutive small intervals with 

JiCG 
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and N(Ji) < for each J/ C G will be called a length green interval at level JVj. A union G of 
< iVj consecutive small intervals J\ with 

JiCG 



will be called a weight green interval at level iVj. 
A union y of < Ni consecutive small intervals with 

will be called a yellow interval at level Ni. 

[0, T] will be partitioned so that every yellow interval Y lies immediately to the left of a red interval, 
or that T £ Y. If there is a yellow interval Y, and the small interval Ji to the right of Y satisfies 
N(Ji) < ^ then we take Y U J\ = Y * . Y * is the union of < Ni small intervals with 

JlCY* 

If Y* is the union of Ni small intervals then Y* is a length green interval. If 

^ < £ jv(j,) < ijvi, 



2 



then y* is a weight green interval. If 



and y* is the union of < Ni small intervals, then Y* remains a yellow interval. If T ^ y* and the 
small interval to the right of Y* is not red, then repeat the above procedure. 



Remark: We will always say that [0, T] is a green interval at level M. 



Remark: The reader should think of the yellow intervals at level Ni as the scraps left over after 
carving out the red and green intervals at level N. 

We also want to apply the seminorms in the previous section to the case when £(t) is free to travel 
around in R. This seminorm was defined in [T7] for any dimension d, d > 1. 
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Definition 4.1 For a green interval G%* = [a,b], let £(G^) = £(a). £(Y^') and £(R^) can be 
defined in a similar manner. 

If G^ 3 is a green interval at level Nj , then 

E~ Q M~ i|9 

\\P , N . U\\ N • + SUD SUP -P,/„JV,- N Nf . U\\ „, N - 

, " «G fc , ),^<-<4JV i "^(G^xR*) l<^<iV,^,jN, 11 ^«'),^<-<4iV j ^(yf'xRi) 

iVj <iv j r a i'^ T fc 7^ 

(4.1) 

For a yellow interval at level Nj, 

IHI X(Y^)= E ( iV~ } E l|P ^),^<.<4^ U H 2 C/ i(G ^xR d ) 
+ > IIP, jv_- jv. «l| 2 ^ jv- + sup sup IIP,/^^, jv,- ^ ... r ix[| 2 , 9 

(4.2) 



T/ten, 



IMIv fmrm ndN = SUp SUp llull at. + SUp SUp \\u\\ N . . (4.3) 

Also for a dyadic integer N, 1 < N < M define the norm 

\\u\\%- „ nrT i, r>H\= sup sup llitl! 2 jv. + sup sup llitl! 2 N . . (4.4) 

We first prove than an estimate on II it II , jv,- gives control over IIP , jv. it II „ , «• for a dyadic 
frequency iVj, along with Strichartz estimates of P jv- u. 

£.( G k )' N i 

Lemma 4.1 For a dyadic frequency 1 < Nj, 

E (]yT)[ E ll P ^),Ar < u ll^ (G ^ xRci) + E H^(y^),Ar^H^ (y ^ xRd) 

+ l|P ^)^ U||2 ^(^xR d )]+ E ll^)^ U l| 2 c, i{ ^ xRd) ^ll U llx(^) +e2 - 

R 1 m j jVj<jv» 
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Similarly, 



^ny/V0 ^nr/V0 (46) 

+ l|jP ^)^ n|l ^(^xR d )]+ E IIV; j ),iV i n ^ i (^xR d )- l|u|l X(^) +e2 - 

R f,CY, 3 n i <JSi 

a." K 

Finally, for 1 < Ni < Nj, suppose (p,q) is a d- admissible pair. 

\\ p m,NA L , Ll{<1 xRd) £ (f ) 1/p (* 1/2p + « + ll«ll^ ), (4.7) 



and 



Proof: See [I?]. 

Also, recall that from [17] 

Theorem 4.2 If u(t) is a minimal mass blowup solution to 

iut + Am = F(u), 
u(Q,x) = u G L 2 (R), 



(4.9) 



/i = ±1. There exists a constant C such that for e > 0, 5(e) > sufficiently small, for any dyadic 
integer M , if there exist small intervals Ji with 

[0,T] = ufi 1 J l , 

E N(J l ) = — , 
JiC[Q,T] 



\\u\ 

then 



LlJJtxR) -eo, 



IMIx M ([o,T]xR) < Ce. (4.10) 

It was showed in [T7j that to prove theorem 14.21 it suffices to prove two intermediate lemmas. 
Lemmas 14.31 and 14.41 will be proved in this section and the next. 
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Lemma 4.3 If u(t) satisfies the conditions in theorem ^. j| then 

|u|| 2 w . 



+ (^+ii-iix JV ,([o,r ] xR)) 2 E (§) E E 11^ 



Ni ^— ' ^ " €(G*. l ),iVi "e£(g£'xr.) 

+ (^+ll^llx„.([0,T]xR)) 2 E E H^fOr^v"!^^ 



^<JV< §<iV 1 <32JV j 



+ ll^ll^.dO.TlxR)) 2 SU P SU P E ^ P £(Y N ^) Nl U ^ (Y N ^xR) 



+ ( e+ ll U ll^.([0,T]xR)) 2 E (jvT) E ( E (^) 1/4 H P ^),JV 1 U llc/i(G^xR) 

l<Ni<Nj 1 <# n£ £i /0 32^*<^ 

+ (e+IH|^([0,T]xR)) 2 E ( E ^) 1/4 H P e (G ^),iV 1 U ll f 7|(G^xR)) 2 
+ (^+ll^llx iVj ([0,T]xR)) 2 SUP ( E ^) 1/4 HV^)^ 1 U|I ^(V^XR)) 2 - 

Similarly, we prove 

Lemma 4.4 If u(t) satisfies the conditions in theorem then 



+ ( e +ll U llx iVi ([0,T]xR)) 2 E (jyj) E E l|jP €(G^),JVi U|l L/i(G^xRi 



|2 



+ ( e +ll W llx JVj([ 0,T]xR)) 2 E E KrpW^'uXYpxR) 

*i<Xi %L< Nl <32 Ni 
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+ (^+IMIx Jv ao,T]xR))\ sup sup 53 II^W**ll^rc*«xi» ( 4 - 21 ) 



+ (c+IM!x iVj ( [ 0,T ] xR)) 2 E (f ) E ( E (f ) 1/4 |l^).^ U ll^(^xR)) 2 

lKNiKNj 3 r^N,,, 32N 1 <N 1 



+ (^+IMI^. ([ 0,T]xR)) 2 SttP ™P. ( E (^) 1/4 HV^)^ M|l f/i(^xR)) 2 - ( 424 ) 

KJViSAjyjfi^ 32N i <N 1 1 



5tari o/ f/ie proof of lemma \J^\ and lemma 4-4 : Take a yellow interval Y^, 1 . For any a a i j N i 6 l 1 ^*, 
the solution to (II. ip on Y"^ 1 is equal to 



e i(t-a a ,, Ni )A u{aa } _. 



e'^) A F(n(r))dr. (4.25) 



We will postpone the treatment of the Duhamel term, 

rt 



f e^ A \u(r)\Mr)dr, 
J a f 



until the next section. Since N(t) < ^f 2 - on Y^, 

ll- P ^(r < fi),^<.<4Ar i ' iX ( a «.^)ll^(R-) ^ e - 
Next take G 1 ^ 1 and For aL,N % £ G^ 1 and £ 

E (^)(H P ? ( G fN^<.<47V l U ( a ^)lli|(R) + \\ P (&,%<.<4N i U ( a * N J\\hm) 
l<Ni<Nj J 



< f 2 . 



Finally, if G^ 1 C is a length green interval, we can choose a a ,Ni such that 

^ N ■ 

JlCG a l 
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where J\ = [a/, bi]. If G a ^i is a weight green interval then we can choose a a ^i £ G a ^i such that 



2 

^(g^^.^n^^M^^J^-. E iY ( J 0ll^ (ai) ,^<.< 8i v^( cl 0ll!2(R)- (4.27) 



Therefore, 



E (^) E ll P «G2fi).^<-<4^ U (° a '^)ll^(R) 

^ E E ( 1 + ^)ii^),f<-<s^^)Hii(K) 



~ AT'- ^ V A ; ~ 



TV, 



Also, 



sup sup \\P, (y ^ ) n ±< N u(a al:Ni )\\ 2 L2(R) <e 2 . (4.28) 



5 Duhamel Terms 

Now we turn to the Duhamel term 

ct 



4 ei( ^ )A ^ ) ^<-<^ 1 (|u(T)|4u(T))dT ' (5 - i} 

for N\ > TVj. We will need the case when iVi » Ni for §6. The arguments for will be virtually 
identical to the arguments for G^ 1 ■ 

p ^),^<W |n(r)|4u(r)) = 

We start with OiiP^M^u^P^^^uW). 
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Theorem 5.1 Suppose N\,N2 > g^, and is a green interval. 

lll^(G^),JV 1 U ll P 4(G^) ) Ar 2 U ll P ^(G^),<2-iO]V i ' U l hlJG^xn) 
2 2 ( > 

Proof: Make a Littlewood - Paley decomposition. Without loss of generality suppose ^(G^) = 0. 

(5.4) 

Ar 4 <2- 10 AT I 

Making a bilinear estimate and using H^Hu^ (j jX r) ^Sm 1, 

| [ ] i 3 ^ u [ | PV 2 n 1 1 -fe(i), jv 4 <-<2- io JVi ^ 1 1 Pg(i) , <i 1 3 ILi w (J Z x R.) 

< I ] I JVx 1 1 ^<2- io ^ « 1 1 ^ x R) 1 1 1 JV 2 W 1 1 i=*< 2 - io AT^ 1 1 1 z,2 J: (J I xR)ll- P e(*),<l^lli-(J !X R) 
~ ^1/2^1/2 (H P 5W,<^ U "^( J ( xR ) + ll P ?(i),^<-<i n "t(^x R )) 



) , iVi " 1 1 U% (G2 l x R) 1 1 U(G':> ) ,N 2 " 1 1 1/2 (G^ x R) 



2 iV 2 1/2 5 1/2 
Summing over the subintervals J\ 



1 1\\J\) ^\'H) 2\|ip 'I up 



|| iP^nl |Pat 2 u| |P ?(t ),<2-i0iV^| |P?(t),<l^| 3 IIlJ xR) 
< (e 2 + I^IILPII^^II^^X^II^^HC/KG^XR)- 

Now we consider the case when N4 > 1. First take the intervals R^j C G^. 

E E iiiPv^HPv^iip^) 

z E E m p ^ u ii p <2- io iv^iii LL( ^ xR) 

R N 4,-r N i l<N 4 ,<2- 1 °N i ' ' 



(5.5) 



22 



X lll P ^ U ll P <2- 10 ^ U lllLf i J^xR)ll%)-<^^ll^ (il -4 xR) 



^ ^1/2^1/2 ll^^ll^^xRjII^^H^C^xR) E E H%).<"4«llioc , (i £ 4 



^^^HIl-L^xR)) 
~ (e 2 + ^ 1/3 ) ( ^1/^1/2 ) 1 1 P ^ U 1 1 t/i (G^ XR) 'I PN * U 'I I/* (G# x R) • 

Next take the intervals G^ 4 . Let Gg 4 = Gf n G^«. 



E E ll P Wi M ll^2 W II^W,7V 3 u II^W,JV4«II^W,<7V4 U | 2 |l L i (G^xR) 

l<JV 4 <JV 3 <2-iOiV iG ^4 nG ^i # 

< E ( E lll^«ll P «^)^<.<4Ar 4 «IH^(^xR)) 1/2 

X 1 1 1 ^W 2 ^ 1 1 ^(*), AT 3 ^ 1 1 ^(t) ,<AT 4 ^ 1 2 1 1 (G^* \(U^ ) x R.) " 

( T,^ lll P ^ u ll P f ( G ^),^<.<4^^lll^ ( ^xR)) 1/2 

~TaJ2\\ Pn i u Ki(g^xk)( E II^g^),^^.^^!!^^^)) 172 - 

Making bilinear estimates, 

1 1 1 PN 2 U 1 1 P m Ns U 1 1 P m ,< N4 1 1 ^ {G ^i VuR p x R) 
<iV 4 ( £ III^^II^J^^^III^^-xR)) 172 

G^ 3 nG^V0 

+iV 4 ( J] lll P ^ U IIV^),^<-<4^3 U llliL(< 3 xR)) 1/2 ' 
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by Sobolev embedding this quantity is 



~ H P ^«ll^ (G ^i xR) (X) H P ?(< 3 ),^<-<4iV3 n ll?/|(G^ x R)) 1/2 



^2 



+ ^ll P ^ U ll^(G^xR)£llVj 3 ),^<-<47V 3 n ll?/i(y^ xR) ) 1/2 - 



^2 - y»3 

V 



Again by Cauchy - Schwartz, 



E ( ^ )V2(( ^ } E ll P ? (G^),^<.<47V 4 n ^ i(G ;4 xR) ) 1/2 

i< Ni <N 3 <2-^ Ni G^nG^V0 

X((^) E H P «<»),^<.<4iV3 U ll^(G^ X R)) 1/2 ^ II^HL/ 

G^ 3 nG^0 



Next, 



E (j)r; 3 nc^0}< E (f)(«{<?cG^} + i) 

l<Af 3 <2- 10 Afi 1 l<Af3<2- 10 Afi 1 



!+ E E § si. 



Because 

l|P 5(^ 3 )^<-<4iV3 n lli/i(y; 3 xR) ~ 11"!!^' 



Therefore, by Cauchy- Schwartz, 

E E lll P ^i n ll P ^2 U ll^(t),JV3 M ll P «(t),iV4 U ll P ?W,<7V4 U | 2 |l L l (G »4 xR) 

l<iV 4 <JV 3 <2-iOiV iG j4 nG ^ V0 

~ ^l/2^1/2)ll U llLj |P ^ U| ^i(G^xR)ll P ^ W ll^2 (G ^ xRr 

Similarly, 
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E E I' \ P NiU\\PN 2 u\\P^ t ) jN3 u\ \ P m,N 4 u \ \ P m,<N4 U \ 2 \\ L i (Y^xR) 

l<N A <N 3 <2-™N iY £*nc£i& 

N- 

^(^p^)ll U llL l ll jP ^ U lll/i(G^xR)ll jP ^ U ll C /i(G^xR)- 

This completes the proof of the theorem. We could make exactly the same arguments for the yellow 
interval □ 



Corollary 5.2 Making virtually identical arguments, 



1 1 | P Nl U | | P N2 U | | P< 2 - 10 N . (P{ (t ) t > Co N{t) U) 1 4 1 1 ! (G AT, x R) 



< 



t,x 

Ni 



> N l/2 N l/2)( e2 + \\ U \\ 2 X N )\\^ 



(5.8) 



1 1 1 P Nl u 1 1 P N , 2 u 1 1 P{ ( i ) > < Co N ( t ) u 1 4 1 1 L ^ ( G N t x R) 
^ w 2 2 w lln , w „„ ! ^ (5-9) 



1/2 1/2 )( £ +H U llx w )( SU P ll P ^l W llr/2(J iX R))( SU P ll-PjV 2 «llt/2(J |X R))- 

Theorem 5.3 For Ni > N i} 



\\P Nl ((P^u)(P> 2 - WNi u)u 3 )\\ DUi{G N ixn) < 

( £2 + H| Wj ) £ ^) 1/4 H P f (G^),iV 2 U ll C /I( G ^xR)- 



(5.10) 



Proof: Take f supported on |£| ~ iVi, II v\\ , r2( n N i t>\ = 1- 

/ „ ( u > {P > N x u)(P >2 -w Ni u)u ? ')dt < \\\v\\P > n 1 _u\\P >2 -io n m\\u\ 3 \\ x iv 

J Q^i -^32 ^32 -^i.ajl^a xr V 

< |||^|| J P > ^^[| J P >2 - 1 o 7V ^!| J P> 2 - 1 o 7V ^| 3 ||^ 1 ^ (G ^ x^+lll^ll^^^ll^a-io^^n^s-io^^i 3 !!^^^^^^ 

II M l p >^l \p>2-^nM \P<2-^ N M 3 \\ LixiG ^ xR) 
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By theorem 15.11 

ll \ p >^ u \\ p <2^ N M\ 2 \\ LK{G ^ xR ) $ ( £ + W u h Ni ) E ^ 2 )1/2 K(G^),N 2 u \\ui(G^><ny 



J t.x 

" z - 32 

Therefore, 

||| V ||P > ^ U ||P >2 -io^ U ||P< 2 -io iVi n| 3 || L ^ (G ^ xR) 

^^ + Nlk) E (#) 1/2 H^-«lln»^- 



'Xtf/ ^M? 11 6(Ga*),JV2 "^(Ga* XR)' 

Next, because V% C U^, by (12331) 

II(«)(^ 3 «)II L 3 b(g ^ xR) < (^) 1/4 |l w lly i ( G ^xR)ll P ^ u ll C 7i(G^xR)- 

Therefore, 

|||«||P J v 2 n||P >2 -io iViU | 4 || L ^ {G ^ xR) 
< \\P>2-^ N M\ LrL 2 (G ^ xR) E (^) 1/4 |l Pw ^ll^ i(G ^ ><R) l!^>2-io^n||3 ?/2ii8(G ^ xR) . 

Z^ + Mh? E (f) 1/4 |l^a«ll^ xRr 



The proof of theorem 15.31 is complete. □ 
Theorem 5.4 Suppose \\u\\^ < 1. Then 



\\\ P >^ u \\ P >2-^nM\ U \ 3 W D uI(G^xB.) ~ ^) 1/2 H P >^ U l!c/i(G^xR) 

hp^^iu,^ n ,( y (^) 1/4 ii^>;v 2 «ii 1/2 „. ). 

A ( a x ) ^ iVi " " 2 "L^LKG^xR)^ 
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Proof: Take IMI yi(G ^ xR) = 1- 

II M l^>*i«l \P>2-^ Ni u\ \P<2-u> Ni uf WqjGZ xR) 
< lll^>^ll^<2-10^| 2 || L? ^^^ 

which by theorem 15.11 conservation of mass, 

<(^) 1/2 || j P>^^ll l/i(G ^ xR) - 

Next, 

II M l P >§- u l l p >2- 10 iVi u l \P>2-i°nM 3 \\ l i ^ G *i xR) 

£ ll P >^ U ll^ (G ^ xR) l|-P>2-iOAT i n|| iri|(G Ar ixR) . 

Finally, for 2- 10 iV"i < iV 2 < 2- 10 iVi, 

\\(P^)( P N 2 u)\\ LUG N ixR) 



< WP^ti 2 ^^(P^iPN^ti 2 ,„ Ni A\P N2 uf r2 



^^Va . i/ 4|l „ „ up.. „i|i/2 



Therefore, 



L2(G^xR)' 



l w ll P >^ n ll P 2- 1 0AT l <.<2- 1 0Ar 1 w||^>2- 1 0Af^| 3 |l L i^ (G ^ xR) 



< 



L^G^xR)^^)^-^^ 

~ S ^) 1/4 H P >^ U ^i(^xR)ll^^ll^ LS(G - lxR) - 

2- 1 0AT l <Ar 2 <2- 10 Afi " 

This completes the proof of the theorem. □ 
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Theorem 5.5 For N x > N i} G%* = [<%C l L £(G^) = 0, 

dfy 1 2 



Proo/: Let G^ = [af ,bf], = [aft,bft], R$ = [aft,bft]. Let 



(5.12) 



R 



U nl 



*>4 ft 



«„f \t)= I e l ^) A (P J v 2 n)(P 5(r)iW4 n)(P ?(r)iJV3 n)(P ?(T)i <^n) 2 (r)dr, (5.13) 



*4 



(t)= I e i ( t - T ) A (P J v 2U )(P 5(T) ^ 4 n)(P f(r) ^ 3U )(P c(r)i < iV4U ) 2 (r)dr, (5.14) 



u nT'(*) = L 4 e i( *- T)A (^ 2 n)(P ?(T)iiV4U )(P c{T)ii v 4 <.< 2 - 1 o^n)(P c(T)i <^n) 2 (T)dT. (5.15) 



« ... 



Then 



ras E t E Kf 3 (^ 4 )ik ( R)+ E IK ' 3 (^ 4 )iIle(r)] (5.i6) 



R JV 4 iV 4 



+ E t E ii<T(*)ik(R) + ( E ii-J'wii 2 ^^)) 172 ] (5-i7) 
+ E k E ii»»f'>?)ii^ G? .W 1/!+ < E ii»?' N3 (^)i& i( v-, R ,) 1/2 i 

(5.18) 

+ II J* Ni ^ (i - T)A (P^n)(P 5(T)i < 1 n) 3 U (r)dT|| f/i(G ^ xR) . (5.19) 
Take ||P||l2( R ) supported on |£ ~ N±. 

b N 4 

H^ 1 ^ N 4 ej( ^ 4 ~ T)A ( P ^2 U )(^(r),Af3 n )( P C(r),Af 4 U )( P C(r),<7V4 U ) 2 ( r ) dr )llL2(R) 
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sup 



A4 



<^ 4 



(F,e l(6 ^ r)A (PAr 2 n)(P f ( T)i7 v 3 u)(P e ( T ) iAr4 M)(P 5 ( r)i < A r 4 n) 2 (r)dr) 
/j 3 (e {T ~ b e i)A F, (P N2 u)(P^ T)tNs u){P^ T):Ni u)(P^ T)j < N4 u) 2 )dT 



Making a bilinear estimate, 



||( e ^ ^ 4)A F)(P 5(G ^ 4) ^^. 4iV4 n)|| Lt(G ^ xR) < ^pll^^^^^ll^^^)- 
By Holder's inequality, 



E E iw ' (^ 4 )ikw 



l<7V 4 <7V 3 <2-i07V lG ^4 nG ^ 



~ E 7^2 ( E ll P ?(G^),^<.4JV 4 n ll^( G ^ xR )) 1/2 

x || (Pat 2 u) (P f(T)i jv 3 u) (P 5(T) ,<iv 4 u) 2 1 1 ^ ((G ^ VuR p )} xR) . 
1 1 (Pv 2 u) (P f(T) >JV3 u) (P 5(t) _ < jv 4 u) 2 1 1 L k Vu ^4 } x R) 

+(E IK^a^^w.^t*)^),^") 2 !!^ (G ^ xR) ) 1/2 - 

iV 3 7 

V 

1 1 (Pjv 2 U) (P e(r) >JV3 It) 1 1 ^ _ (G K 3 x R) < 1 1 Pv 2 U 1 1 ^ {G N t x R) 1 1 P^ ) _ ^ < _ ^ U 1 1 ^ (G ^ 3 x R) . 

Therefore, as in the proof of theorem 15.11 
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E E \\ u nf ,7V3 (^ 4 )Hli(r) 

l<AT 4 <JV 3 <2-lOiV iG j4 nG W V0 



.Na % i, ..Na 



^W P N 2 u\\ ul(G N txR) ( ( iV~ )V2(( ivf ) E K(G^),^<-<4N A U \\ll {G ^xB./ /2 

l<N 4 <N 3 <2~^ Nl G?*nc£*& 



X ((^) E H^G^j^^.^a^ll^KG^xR)) 172 ) 
G^nG^V0 

+ H P ^ n ll l /i(G^xR)( E ( ^ )V2(( ^ } E H P €(< 4 ),^<-<4iV 4 n l| 2 / i (G^xR)) 1/2 

i<jv 4 <iV3<2-ioiv i G%*ne£*& 

X «W 2 ] E IIV^),^<-<4JV3 n l| 2 / i (G-3 xR )) 1/2 ) 

y>G£M 



Similarly, 



< ll^ll^^xRjIMlL/ 



E E Kf (^II^crj^II^II^xrjNL 



This takes care of (loTTUj) . Next take R^f = [a$,b$] 



.0// — L"^" > u /3" 

W4 (e F, (P A r 2 n)(P 5(T ) i <. 2 -io A r i n)(P 5(T)jiV4 u)(P c(T)i < 7V4 u) 2 )dr 



(3 „ xR) 



1 

iV 2 1 1 ' 1 V2 ™ 1 1 ul (G- » x R) ii- «t ), ^ v 4 - , , £ „ (i? » 4 > R i 

Therefore, 



< l^ll P ^ U ll^ (G ^ xR) ll^(r),<7V 4 «ll' ( ^4 XR) - 
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R N f, 1 

E E ll u nf (V)llig(R) ~^II P ^ u W^xr) E H P £ m,<^i) M II^WxR) 



/3 



l<AT 4 <2-ioj Vi ^4 cG ^ JiCG ^ 



< — e 2 ||Piv 2 n|| 2 ^ 



JV 2 11 JV2 "t/iCG^xR)- 
Now take t> supported on |£| ~ JV2, ||^||t / 2/p jv 2 m = 1- 

(v, (PN2u)(P^t),N 4 <-<2-W N ,u)(P^t),N 4 u)(P^ t ) t < N4 u) 2 }dt 



-fill ""V ~t,a: V"^// 

<(|)" M ^l|P^.|l [Ji(G; , xR) l|P £ , t ,,< Ki »ll^ (<; , xR1 . 

We interpolated llull 6 , n 4 . < 1 with {{Pen) <Na u \\l?° ■ By Sobolev embedding and conservation 
of mass, 

E T777To ^ E ll P €(*).<^ u lli» 8 (R w4 xR J 1/a 



~ E (^) 1/5 ( E ^:ll p «*).<^ w ll L - ( ^4 xR) ) 1/2 - 

1< 

By Holders inequality, 



s( E E <f) 2/5 ) 1/2 (^ E K<<>.<*»ii l? ,<K»<xR,> 1/2 s(f) 7 ^. 



JV/ y v JVi ^ 11 «W'^ V * HL-(fl^xR)^ ~^JV 9 

a" 



KAf4<2- 10 Afi R ^4, rr N i 1<N 4 <2- 10 N, 



Therefore, 



F?^ 4 /V 



KAr 4 <2- 10 jVi R N A rr N i 
— — ft" 

This takes care of (|5.17p . 
Next, for G^ 4 = [a%*,b% A ], 
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^4 



(v, (P N2 u)(P myN , A u)(P^ t ^ N4 u)(P m) < N4 u) 2 )dt 



< M P t {G »* <. < 4 JV 4 ) 1 1 (G?< x R) 1 1 ( Pn ? U ) ( P m,N 3 u) || L? (G ^4 x R) 1 1 %),<JV 4 m|| ^ ( « 4 x R) . 



By lemma UTH Sobolev embedding, 



\ p m,<NMl^ xn) ZN? 10 (i + \\ u y Ni f. 



Because V% C 



\< P S(G^),^<.<wJ\\l S £(G^X-R) ~ ,.1/5 l|P ?(G^),^<-<4iV4llt/i(G^xR)- 



^ — i-i-*jv 4 i, t>x yjrp A^ 2 3 ~ 

Finally, because G^ 4 overlaps at most two green intervals at level N3 and at most two yellow 
intervals at level N3, 

\\(P mN3 u)(P N2 u)\\ LUG N 4xR) < ^pll^Hya^^Hnll^. 



Therefore, 



E < E n-2r • N3 mi l( c ? «nf< 2 



l<N4.<N 3 <2- 10 Ni G N4 T\Ga i 



< ||P,v 2 n|| G ^ xR) ||n||^ J] Trb^iV^ £ " P 5 (G^),^<.<4iV4 n ll^( G - 4 xR)) 1/2 



A', ., ,„„ „ „ Nl /5 • -V, 

^ AT 1 

l<iV 4 <A r 3<2- 10 iV i iv 2 

Similarly, using n < § . 



E ( E ii^f'" 3 (*)iiL^ xR / /2 ^(t) 7/1 1^uii^ (G , ixR) ,,,, 



|2 

'C/2(G™ 4 XR) ; ~ V AT 2 ; lr JV2 "' ll t/i(G« i xR)»"'»X Jv .' 
l<jV4<JV 3 <2-l°jV,; G N 4 nG rNj P 
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This takes care of (|5.18p . Finally, for F supported on |£| ~ N2, ||P||l2( R ) = 1, 



Let 



(e i ('- b ') A F,(P 7V2 u)(P< 2 - 1 o^n)(P ?Wi < 1 u) 3 )dt 

X l\\ P m <^ U \\L™ (J !X R) + ll P £(t),m<.<l U IU?^xR)]- 



(v, (PAr 2 n)(P< 2 -io 7Vi u)(P 5(t)i < 1 n) 3 )dt 



Jl 

< ||(PAf 2 u)(P< 2 -io Ari n)|| L 2j J;XR) ||t;(P< 2 -io 7Vi n)|| L 5A. (JjXR) 
x[l|jP ^),<^f M|l fewx R ) + l|P «t),^<-<i M|l fewxR) 



(t) = / e i (*-^ A (P A r 2 u)(P< 2 - 1 o^n)(P 5(r)il n)(r) C iT. 



jVi e J ^) A (P iV2 n)(P< 2 -io^ U )(P c{t) ,< 1 n) 3 (T)dT|| c/i(G ^ xR) 

a. 

< E n^Wk(R) + ( E ii<#-T^ ( w 1/a 



l nl \\Ul(JixR)J 

N ■ 

■ Ni 
■N 2 

We have finished the proof of theorem 15,31 □ 



N ■ N ■ 



We combine theorems 15.31 and 15. 51 to estimate the Duhamel terms for We apply theorem 15 .31 to 
estimate the first term in (|5.2p and theorem [53] to estimate the second term in (|5.2p . The estimates 
of the Duhamel terms for Y ,* follow in identical fashion. Therefore, the proof of lemmas 14.31 and 
14.41 and consequently theorem I4.2| is complete. 
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6 The case when / °° N(t) 3 dt < oo 

In this section we prove 

Theorem 6.1 There does not exist a one dimensional minimal mass blowup solution to (|Lip . 
fj, = +1, with N(t) < 1, 

POO 

/ N(t) 3 dt < oo. 

J 

To prove this we prove an intermediate theorem. 

Theorem 6.2 Suppose u(t,x) is a minimal mass blowup solution to (li.jp . [i = ±1 ; with N(t) < 1 
and 

roo 



poo 

/ N(tfdt = K < oo. 
Jo 



Then 



x )llL t °°if|([0,oo)xR) ~m K 2 . (6.1) 

By (|2.40p there exists a uniform i^o such that if M is any dyadic integer and [0, T] is a compact 
interval with 

J J \u(t,x)\ 6 dxdt = M4, (6.2) 
N(Ji) = 5K < 5K . 

J,C[0,T] 

After rescaling, u(t,x) i-> Xu(X 2 t, Xx), A = by theorem 14.21 



Kllx M ([o,£]xR) ^ ( 6 - 3 ) 
with C independent of T. For Z > 5 let 

U{2 1 ) = sup \\P >2 iK u\\u'i ([0,T]xR)- (6-4) 

By Duhamel's formula 

ll^>2 i K n llc/i([0,T]xR) So \\ P >2'K U ( T ) \\l$(R.) 
+ \\ P >2'K (\ u \ 4u )WduI([0,T]xR)- 

Take I >5. By theorem 15.51 
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ii / t e i ^ A (p>x ^)(p< 2 -ioK «) 4 (T)rfT|| C7i([0)T]xR) < E |M L 

J ° K <N 2 2 

Splitting the Duhamel term, 

-io Kq u\ |'u| 3 ||atO([o i t]xR) ^5 II l^ , >-K"o n ll^ > >2- 10 ft:o tt | 4 |!L^ 5 ([o i T]xR) 
M\\ P >K u\\P>2-^Ko u \\ P <2'^Ko u \ 3 \\ L ^'^ L ij[ ^ ><R y 

|||P>A'o'"ll i:, >2- 1 Oi<'o«| 4 |l i 6/5 ([0iT]xR) ^ ll P >^o u llL6 I ([0,T]xR)ll- P >2- 1 o J fs'o u llL6 :c ([0,T]xR) ~ L 

We use 

\\ P >2-^K o u \\lI x (10,T]xR) < H n A|lx A/ ([o,^]xR) 

along with Littlewood-Paley summation and the definition of the Xm seminorm. By theorem 15.11 

||| J P>A' 'u|[P<2-io ii:o u| 3 |P > 2-iO A ' 'u||| L 4/3 i i ([0iT]xR) 
\ P >K u\\P<2-WKM 2 tll x (^,T]xI^ 



< 



+ ll|P>Ao n l|P<2- 1 °A n | 2 |lL?,J[0^ < 1- 

Therefore, U(2 l ) < 1 when I > 5. Because Ej, C [o,r] N ( J i) ^ SK for any T, |f(t) -f(0)| < 2- 20 ET 
for all i G [0, oo). 

N(Jt)<5K 

J t C[0,T] 

also implies lim^oo N(t) = 0, which implies linn,_ i .± 00 \\P21k u (^)\\lI(b.) = for / > Lo for some 
fixed Lq. Therefore, 



r 

By theorem 15.51 



su Pll- P >2'J<b U llui([0 ) r|xR) ~ su Pll i:, >2'A'o(l u | 4n )llDC/i([0,T]xR)- ( 6 - 5 ) 



ll- P >2'A' () (( i:, >2 i -5A'o n )(- P <2-iOA'o n ) 4 )llz)C/2([o,T]xR) ^ 2 ' /2 \\ P >2^K u \\ul([0,T\ xR) • ( 6 - 6 ) 
By theorem I5.4( 
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\\ P >2 l K (( P >2'-''K u )( P >2-^K uW)\\ DU l^T]x-R) 

2^/4 1/2 (6.7) 

^ ll P >2'-5^o U ll^|([0,T]xR)(2^ ll P >2^o U llLf>Ll([0,oo)xR))- 

3=0 

Because 

sup ||P >23 K o u \\l°°l*({o,t\xR) -> (6.8) 
as j — >■ oo, there exists Lq such that for / > Lq, 

sup||P >2i ^ n|| l/ 2 ([0iT]xR) < 2- 15 sup||P >2i -5 Xo u|| C7 2 ([0iT]xR) . (6.9) 

Therefore, 

SUP ll-f>2^o n ll;7|([0,T]xR) So 2 31 

for Z > L Q , which proves n(t) G L^iTj([0, oo) x R), and 

IH*,£)|Il°°hJ([o,oo)xR) <m ^o- (6.10) 

□ 



^ (t) ^)iUR) s mem) +v(t) 1/2 . (6.H) 



Take some ??(t) — > 0, possibly very slowly. 

fi(R) 

E(u(t)) = ^J \Vu(t,x)\ 2 dx + ^ J \u(t,x)fdx. (6.12) 
By energy conservation E(u(t)) = E(u(0)) for any t. 

Now, by Holder's inequality, 

/ \u(0,x)\ 2 dx < f , \u(0,x)\ 2 dx + 



>-s(0)|<^™ 1000 



<r .||„,||2 g ( 1000 ) 2/3 , m 
<^INlL g (R) ^2/3 +77^ 

/-»z7v„,/t^U/3 ^(iqoq) 2 ^ 3 , m o 
" CjE(n(0)) iV(0)V3 + 1000" 
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Now by (|6,lip . mass conservation, and the Sobolev embedding theorem, we can choose t sufficiently 
large so that after a Galilean transformation setting = 0, 

CE{u{t)) ^v(oT + iooo - Too' 

2 

But since E(u(0)) = E(u(t)), this implies J \u(0, x)\ 2 dx < j£, which contradicts mass conservation. 
This completes the proof of theorem 16.11 □ 

Remark: We cannot apply these arguments exactly to the focusing case because E is no longer 
positive definite when [i = — 1. These arguments do apply when \i = — 1 and 1 1 1 1 z, 2 (R.) is l ess than 
the mass of the ground state. We will not discuss this matter here. 

7 The case / °° N{tfdt = 00 

As in the cases when d > 3, d = 2, we defeat this scenario via a frequency localized Morawetz 
estimate. [7] proved that in the defocusing case 

H n (* ,X )lli| i3; ([0,T]xR) < H'"( i )llL t o °if 1 ([0,T]xR)ll' U (*)lll t o °L2([0,T]xR)- C 7 - 1 ) 

See also [27]. The interaction Morawetz estimate is not positive definite in the focusing case. Let 
X £ C^°(R) be an even function, 

Here we prove 

Theorem 7.1 Suppose u(t,x) is a minimal mass blowup solution to (jj.jp . fj, = +1, on [0,T] with 
N(t)<l, 

T 

u(t,x)\ <i dxdt = Meg (7.3) 







for some dyadic integer M and for ||u|j^6 (j ;X r) = e (b 



Take X = §- Let 



Y, N(J l ) = 5K. (7.4) 

J;C[0,T] 



Ht,0=x(^)ux(t,0- (7-5) 
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Then 

H^A|| 8 Lta0)T]xR) <o(K)(^), (7.6) 
M 1 {t) is a modification of the Morawetz action in [1] (see (7.10)). 

Proof: Since we are going to work exclusively with the rescaled function u\, we will drop the A in 
our notation and realize that we are working with u\ for the rest of this section. [7j defined the 
action 



2 



M(t) = - [ [ a(x -y)\u(t,y)\ 2 Im[u(t,x)d x u(t,x)]dxdy, (7.7) 

'RJR 

a(x-y) = erf(^-)= I e^dt. (7.8) 



6 

Taking the limit e — > 0, 

r-T r fT 



OG 



/ [\u(t,x)\ 8 dxdt< [ d t M(t)< sup \M(t)\. (7.9) 

JO J JO [0,T| 



[0,T] 

Because of conservation of mass and momentum 



0_ 

Ot 

therefore 



\u(t, y)\ 2 Im[u(t, x)d x u(t, x)]dxdy = 0, 



x — y 

a(x — y) = I e dt 
Jo 



gives exactly the same Morawetz estimates. We will use this a(x — y) because it is an odd function 
of x — y. Now define the modified action 

M I {t) = -i i a(x -y)\Iu(t,y)\ 2 Im[Iu(t,x)d x Iu{t,x)]dxdy. (7.10) 
2 Jr Jr 

We have 

d t (Iu) = iA(Iu) - i|/u| 4 (/n) + i\Iu\ A {Iu) - U(\u\ A u). (7.11) 

If we simply had 

dt(Iu) = iA(Iu) -i\Iu\ 4 (Iu), 

then we would have 
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r \Iu(t,x)\ 8 dxdt< f T 8 t M(t)< sup |M 7 (t)|, (7.12) 

JO [0,T1 




10 J JO [0,T] 

following the arguments in [6j identically. Instead we have 
rT r rT 



where 



f [ \Iu(t,x)\ 8 dxdt< [ 9 t Mj(i) + 5 < sup \M(t)\+£, (7.13) 

JO J Jo [0,T] 



£ = \[ J J a(x-y)[I(\ U \ 4 u)(t,y)Iu(t,y)-I(\u\ 4 U )(t,y)Iu(t,y)] 
x [Iu(t, x)d x Iu(t, x) — Iu(t, x)d x Iu(t, x)]dxdydt 

1 



r T 

a(x - y)\Iu(t,y)\ 2 [(\Iu\ 4 (Iu)(t,x) - I(\u\ 4 u)(t,x))(d x Iu(t,x)) 

+ (\Iu\ 4 (lu)(t, x) - I(\u\ 4 u)(t, x))(d x Iu(t, x))dxdydt. 

1 




(7.15) 



+ i Jo 1 1 a ( x -y)i^y)i 2 [^ x ) a -(i /u i 4 ( /u )( t ' a; )- / (i n i 4n )( t ' x )) (716) 

+Iu(t, x)d x (\Iu\ 4 (Iu)(t, x) — I(\u\ 4 u)(t, x))]dxdydt. 

The interaction Morawetz estimates are Galilean invariant. Indeed, because a(x — y) is an odd 
function, 

//^-,) Wt ,,)|»/m KW |/«( t ,,)|'l** = a (7,7, 

Therefore, 

Mi(t) = J J a(x-y)\Iu{t,y)\ 2 Im[Tu~(t,x)(d x -i£(t))Iu(t,x)]dxdy. (7.18) 

Also, 



' a(x-y)[I(\u\ 4 u)(t,y)Iu(t,y) - I(\u\ 4 u)(t,y)Iu(t,y)](2i^t))\Iu(t,x)fdxdydt 




'o 



rT 



+ \j If aU-- U )\;[n(i. !/ fl { \Iu\ i -U:uni.;r) -li u j J „)(/. ,• ))(( (/))/„(/. ,•) ) 




>o 



+(\Iu\ 4 (Iu)( y t,x) - I(\u\ 4 u)(t,x))((i£(t))Iu{t,x))dxdydt 
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+\[ j j a(x-2/)|/n(t,y)| 2 [I U (t,x)(^))(|/n| 4 (/n)(t,x)-/(| U |\)(t,x)) 
+Iu{t,x)(-i£{t)){\Iu\ 4 (Tu){t,x) - I(\u\ 4 u)(t,x))]dxdydt = 0. 

Therefore, 



1 



£ = lJ o J J a(x-y)[I(\ U \%)(t,y)Iu(t,y)-I(\ U \\)(t,y)Iu(t,y)] 
x[Iu(t,x)(d x - i£(t))Iu(t,x) - Iu(t,x)(d x + i£(t))Iu(t,x)]dxdydt 



1 



fT 



+ i/o J 7 a ( a; - !')l / ' u (*»y)| 2 [(l J »l 4 ( / ' u )(*. ^ - J"(|«[ 4 «)(t, x))((Q B + i^(t))/t*(t, a:)) 

+(|/n| 4 (7u)(t,x) - J(|u| 4 n)(t,x))((5 a: - i£(t))Iu(t,x))dxdydt 



fT 



J J a(x-y)|/n(t,y)| 2 [/ u (t,x)(5 1 .-^))(l^| 4 (/ U )(t,x)-/(| U | 4 n)(t,x)) 
s)(a x + i£(t))(|Iu| 4 (iu)(i, x) - I(|u| 4 u)(t, x))]dxdydt. 

Let ui = P < r±u and ui + Uh = u. 

— 32 

M 2 M 4 < M 2 k< 2 - io Afl 4 + I^I 2 I«>2-iomI 4 - 

By theorem 15.11 corollary 15.21 

||M 2 |W<2-I°wl llii j!C ([0,T]xR) ~ ( SU P II^H^IIt/K^xR)) 2 ^ + \\ P >N(t)C Q u\\ 2 LfLl{[Q,T]xny ( 7 - 22 ) 

By Duhamel's formula, IMIl^^xR) 1, and N(t) < ^ on [0,T], 

H P >i M ll^i(^xR) £ II^>H«IIl-L2([0,T]xR) 
+ H- P >2- 1 H/ u llL t °°L2([0,T]xR)ll u llL4Lg°([0,T]xR) < C^ 1 )' 

with o(l) -> as A - -> oo. Let 

C = (sup ||-P>2-l0M^llc/i(J ; xR)) _1 ) ( 7 - 23 ) 

Cq /* oo as K — > oo, so 
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(sup ||-P >2 -io M u|| [7 2 (J;XR) ) 2 Co + \\ P at),>CoN(t)U\\l^LUl-T,T]xR,) ^ 
Ji 

|||^h| 2 |^>2- 10 M| 4 |lLi i:E ([0,T]xR) 
~ IMlifLiO([o;T]xR)ll n >2- 10 Mlll5^ < °(1). 

Now we are ready to estimate 

|M 7 (t)| + \UM\ + ICEPI + 

We start with \Mi(t)\. Because N(t) < 

\Mi(t)\ < \\u\\l rm _ T:T]xR) \\(d x - Hi(t))ML?LU{o,T]xR) < o{K){^). (7.24) 
Next we take (17301) . Because I = 1 on |£| < 32M, u ; is supported on 2~ 5 M, 

|/«,| 4 (/«i)-^(KI 4 «i) = o. 

Because (e^ - i£(t))I < M, 

m$$ = l f J J a ( x - y)\Iu(t,y)\ 2 Re[[uflu h - I(ufu h )](d x - i£(t))(Iv,)](t,x)dxdydt 

+M|||^| 2 |u| 4 || i i^ ([ _ T)T]xR) ||I«||^c Ci 2 ([ _ T!T]xR) . 

Also, it suffices for us to consider only P>smu since we will have cancellation otherwise. Make a 
Littlewood - Paley decomposition. By the fundamental theorem of calculus, 

K£ + 6) - m(OI < 161 sup \d x m{0\- 

\\\UI\\IP > MU) - ^(^(^>f^))l! L 6/5 L 6/5 ([0ir]xR) 

~ (^)l!(^)(^V 2 '")llL t %([o,T]xR)l!- P A r 3 n llL4L ?) ([o,T]xR) 

iV B <JV 4 <JV 3 <.2V2<|f 

x ll^4 n llLpil([0,T]xR)ll- P A r 5 n llL t °° c ([0,T]xR) 

< V (^yM^s^i/^M yu Ns 1/2 < 

^ y M' y N 2 ' y N 3 J K N 4 J y M J ~ ' 

Ar 5 <7V 4 <iV3<Ar2<2- 10 M 



41 



The second to last inequality follows from lemma B~T1 and |M|jf M — C- Meanwhile, 



\\(d x -m)iu\\q x{{ o,Tix R )< E N (^) 1/6 oa)<o(KA. 



N<M 



Therefore, |CT)| < o(K)(f ). 



Next, integrating by parts, 

l-T 
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a(x - y)\Iu(t,y)\ 2 [Iu(t,x)](d x - i£(t))[\Iu\ 4 (Iu) - I(\u\ 4 u)](t,x)dxdydt 



fT 

a(x - y) \Iu(t, y)\ 2 [(d x + i£(t))Iu(t, x)} [\Iu\ 4 (Iu) - I(\u\ 4 u)} (t, x)dxdydt 




^(x - y)Iu{t,x)[\Iu\ 4 {Iu) - I(\u\ A u)]{t,x)\Iu{t,y)\ 2 dxdydt. 
By Young's inequality, since \\d x a(x - 2/)|Ui(R) = 1, 



'0 



'0 




d x a(x — y)Iu(t, x)[\Iu\ (Iu) — I(\u\ 4 u)](t, x)\Iu(t, y)\ 2 dxdydt 
<\\I(utu h )-ut(Iu h )\\ 

L^ 5 ([0 T] xR) H^I!i( 2 ii 8 ([0,T] xR) 
+ 1 1 U h 1 1 LfL™ ( [0,T] x R) 1 1 Iu 1 1 L} 2 L% ( [0,T] x R) 

M 

+ H u /illL5 i iO([o j T]xR)ll- fu llif i|([0,T]xR) - 



Therefore, (I73T|) = (|7^0|) + o(K)(f ), so (I73T|) < o(K)(f ) 



Finally we turn to (|7,19p . 

I(|u| 4 u)7^ - I{\ufu){Iu) = {I{\u\ 4 u) - \Iu\ A (Iu)]Tu~ + [\Iu\\hl) - I(\u\ 4 u)]Iu. 

\Iu{t,x)\\(d x - i£(t))Iu(t,x)\\u h (t,y)\ 2 \u{t,y)\ 4 dxdydt 
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< M||/n(t,x)||2 rL 2 ([0iT]xR) |||n h (t,y)| 2 |u(t,y)| 4 || L i^ ([0jT]xR) < o(K)(—) 
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Finally, since 

J(u?) - {Iuif = 0, 



it remains to evaluate 



o 



o 



Jtt(t,a;)||(9a: - i£(t))Iu(t,x)\ui(t,y) (P> M u(t,y))a(x - y)dxdydt 

A = 

a(x - y)\Iu(t, x)\\{d x - i£(t))Iu(t, x)\-[ Ul (t, yf{P> M u(t, y))]dxdydt 



Integrating by parts 

< 

Again by Young's inequality. 



o 



\Iu(t,x)\\(d x - i£(t))Iu(t,x)\(d x a(x - y))-^ui(t,y) 5 u h (t,x)dxdydt. 



6 M 

i$ hh(t,y)\\ L 4 L ^ {[0)nxR) \\(d x - ^(t))/u(t,x)|| L oo L 2 ([0iT]><R) ||/n(t,2;)|| L i 2Z/ 6 ([0iT ] xR) < o(K)(— 



K 



This completes the proof of theorem 17.11 □ 



Remark: The only properties of a(x — y) that we used in the estimate of (|7.19p . (|7.20p . and (|7.2ip 
are a is an odd function and there exists a constant C such that 

\a(x)\ < C, (7.25) 

and 

||0 x a(aOIUi(R) < C (7.26) 

Therefore, we have in fact proved 

Theorem 7.2 Suppose a(t, x) is an odd function of x for all t, 

\a{t,x)\<C, (7.27) 

\\d x a{t,x)\\ LHn) <C. (7.28) 
Then ifu(t,x) is a minimal mass blowup solution to (ji.ip . fj, = ±1, 
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1 



T 



, /n ; } a(t,x-y)lI(\ U \*u)(t,y)Iu(t,y)-I(\u\ 4 u)(t,y)Iu(t,y)} 
x[iu(t,x)(a x - i£(t))Iu(t,x) - Iu(t,x)(d x + i£(t))lu(t,x)]dxdydt < mo>d o(K)C, 



\[ J J a (*> * " y)| 2 [(l^| 4 (^)(i, *) " /(M^X*, ^))((^ + x)) 

+(|/ U | 4 (lu)(i,x) -/(|n| 4 u)(t,x))((a a; -i^t))Iu(t,x))dxdydt < mo4 o(K)C, 

and 



Uo 1 1 a ^-y)l^y)| 2 [^ x )^-^))(l /u l 4 ( /u )( t ' x )- / (f u l 4u )( t ' x )) (7 . 31) 
+J«(t,ar)(S« + i£(i))(|/u| 4 (7^)(i,x) - /(|u| 4 u)(i, x))]dxdycft < mo , d (K)C 

Remark: We will not use the interaction Morawetz estimate of [7], |27| for the focusing problem 
because the interaction Morawetz estimate is not positive definite when fj, = — 1. Nevertheless, 
if we did have an interaction Morawetz estimate, theorem 17.21 implies that the Fourier truncation 
error is bounded by o(K)C if a satisfies (|7.27p . (|7.28p . 

Theorem 7.3 There does not exist a minimal mass blowup solution with N(t) < 1, J °° N(t) 5 dt = 
oo. 

Proof: Suppose there did exist a minimal mass blowup solution with N(t) < 1 and N(t) 3 dt = oo. 
Take a compact time interval [0, T] with 

fT 



J J \u(t,x)fdxdt = Meg, 



M a dyadic integer. [0, T] can be partitioned into M small intervals with ||«(f,x)||^6 (j ;X r) = e o- 
We have 

£ N(J l ) = SK. 

JiC[0,T] 

Rescaling, u(t,x) h-> \ l / 2 u{X 2 t, Ax), let A = Let u\(t,x) be the rescaled solution. [0, p-] can be 
partitioned into M small intervals J^, and 

£ iV(J, A ) = 5M. 
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Since |£(i)| < 2- 20 M for t € [0,T], and 

/ m2 l^,£)| 2 ^, (7.32) 



'|€-«WI>C( TB iL)7V(i) 

for K sufficiently large, 



"'" < / ^ m 2 \Iu{t,x)\ 2 dx. (7..r.) 

Therefore, 



\x-x{t)\<2±gfl 



f N{tf^dt< T N{tf{( ml \Iu(t,x)\ 2 dxfdt. (7.34) 

Jo 16 -A) ■/| iB - a(t) |<£(^ij 



By Holder's inequality, and theorem 17.11 

fT 



vmz I m\-jffinMmUw* s * ■ (7 - 35) 

Since (I7.34h ~ M, the proof of theorem 17.31 is complete. □ 
This completes the proof of theorem 11.61 
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